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We investigate analytically a connection between the t-J model and the strongly correlated
Bardeen-Cooper-Schrieffer (BCS) Hamiltonian, with the effect of strong electron correlations ac-
counted by the Gutzwiller projection. We show that in the immediate vicinity of half filling the
projected 2D BCS Hamiltonian with strong pairing develops an antiferromagnetically (AF) ordered
ground state. This result explicitly demonstrates that antiferromagnetism in this model appears as
a natural consequence of the strong Coulomb repulsion in a low doped regime. At moderate doping
the ground state of the Gutzwiller-projected BCS Hamiltonian becomes qualitatively similar to An-
derson’s resonating valence bond state which is known to fit nicely the properties of the t-J model
in this regime. These two properties taken together indicate that the projected BCS Hamiltonian
captures the essential low-energy physics of the t-J model in the whole underdoped region.
I. INTRODUCTION
The investigation of strongly correlated electron sys-
tems has been a central issue in solid state physics
for more than four decades. The discovery of high-
Tc superconductivity in copper-oxide based compounds
(cuprates) revived the interest in simple models display-
ing such strong correlations. Two much investigated
models are the Hubbard model and its ”descendant”,
the t-J model1,2. One of the main theoretical questions
in that field is whether or not there is a superconduct-
ing phase in the t-J model1. Besides, the interplay be-
tween antiferromagnetism and superconductivity in the
cuprates as well as their sensitivity to doping is still not
very well understood.
It is clear that in superconducting state induced by
electron-electron interaction the formation of Cooper
pairs must also reflect strong electron correlations. As
a result the BCS effective Hamiltonian should be di-
rectly modified by the inclusion of a non-double occu-
pancy (NDO) constraint to account for such an effect.
In a recent paper, Park discussed a close connection be-
tween the t-J model and the Gutzwiller-projected BCS
Hamiltonian4. It was shown both numerically and an-
alytically that the ground states of the t-J model at
half filling (i.e. of the 2D aniferromagnetic Heisenberg
model) and of the strongly correlated BCS hamiltonian
are equivalent to each other. Moreover, at sufficiently
small doping, there is numerical evidence of a strong over-
lap between those two ground state wavefunctions, which
provides further support for the existence of supercon-
ductivity in the t-J model. Clearly it would be interest-
ing to establish by analytical means such an equivalence
at non-zero hole concentration. As is known, slightly
away from half filling the long-range AF order is still ob-
served in the cuprate superconductors. If the projected
BCS Hamiltonian is indeed believed to contain close to
half filling the low-energy physics of the t-J Hamilto-
nian, its ground state must also exhibit the AF order
in the immediate vicinity of half filling. This manifests
itself as a quite nontrivial necessary condition for the
low-energy physics described by the Gutzwiller-projected
BCS Hamiltonian to be considered identical to that of the
t-J Hamiltonian at sufficiently low doping.
The purpose of the present report is to investigate the
Gutzwiller-projected BCS Hamiltonian, close to half fill-
ing, analytically. We do not address here the issue of
the properties of the t-J model at moderate doping, con-
centrating our full attention instead to the region of the
phase diagram very close to half filling. We derive the
low-energy long-wavelength effective action for the lightly
doped 2D projected BCS Hamiltonian on a bipartite lat-
tice. The action obtained is shown to be identical to that
of the 2D quantum antiferromagnetic Heisenberg model
explicitly represented by the 3D nonlinear σ-model. In
other words, close to half filling the ground state of
the Gutzwiller-projected BCS Hamiltonian is antiferro-
magnetically ordered and non-superconducting. Since
the conventional BCS Hamiltonian does not exhibit any
magnetic ordering and always displays superconductivity,
those results explicitly demonstrate that antiferromag-
netism appears as a natural consequence of the strong
Coulomb repulsion at low doped regimes.
Formally, the Gutzwiller projection takes care of the
strong electron correlation due to the large on-site
Coulomb repulsion. Close to half filling, the infinitely
strong short-range Coulomb repulsion between lattice
electrons brings about the superexchange of the emer-
2gent local spin moments by means of the virtual exchange
processes which involve virtual creation of the electron
spin singlets on the nearest-neighbor (nn) empty sites.
As a result the Gutzwiller-projected strong-pairing BCS
Hamiltonian can be described in terms of the emergent
spin-spin exchange interaction and the AF ordering con-
tinues from half filling up to a small doping. In other
words the projected BCS Hamiltonian can describe both
the superconducting state at moderate doping and, in
contrast with the conventional BCS Hamiltonian, the or-
dered magnetic phase for sufficiently low doping.
This paper is organized as follows. In Sec.II we set up
the necessary notation and emphasize the importance of
the Gutzwiller projection close to half filling. In Sec.III
the low-energy action for the Gutzwiller-projected BCS
Hamiltonian is derived within the coherent-state path-
integral approach. We provide an independent operator
derivation in Sec.IV. We conclude in Sec.V by discussing
some physical implications of the obtained low-energy
representation of the projected BCS Hamiltonian. Nec-
essary technical details are discussed in Appendices.
II. GUTZWILLER-PROJECTED BCS
HAMILTONIAN
We start with the Gutzwiller projected BCS Hamilto-
nian on a 2D bipartite lattice, L = A⊕B:
HGBCS = PˆGHBCSPˆG
= PˆG(Ht +H∆)PˆG, (1)
where
Ht = −t
∑
ijσ
(
c†iσcjσ +H.c.
)
is a kinetic term of strength t responsible for the hopping
of electrons from one lattice site to its nearest neighbor
and
H∆ =
∑
ij
∆ij
(
c†i↑c
†
j↓ − c
†
i↓c
†
j↑ +H.c.
)
(2)
is the pairing term in real space. Here ciσ is the electron
annihilation operator at site i with the spin projection
σ =↑↓.
At every lattice site the Gutzwiller projection operator
PˆG =
∏
i
(1− niσni−σ), niσ = c
†
iσciσ
projects out the doubly occupied states | ↑↓〉 thereby re-
ducing the quantum Hibert space to a lattice site product
of the 3-dimensional spaces spanned by |0〉i, | ↑〉i, | ↓〉i.
Physically this modification of the original Hilbert space
results in strong electron correlation effects which are be-
lieved to account for the unusual and rich physics of the
high -Tc superconductors.
Upon introducing a full set of the on-site operators
Xab := |a〉〈b|, a, b = 0, ↑, ↓, which are also referred to
as the Hubbard operators, the Gutzwiller projection is
explicitly evaluated to be
PˆGc
†
iσPˆG = c
†
iσ(1− ni−σ) = X
σ0
i ,
PˆGniPˆG ≡ n˜i = ni − 2ni↑ni↓ = X
↑↑
i +X
↓↓
i ,
where X↑↑+X↓↓+X00 = |0〉〈0|+ | ↑〉〈↑ |+ | ↓〉〈↓ | = Iˆ is
the identity operator in the on-site Gutzwiller-projected
Hilbert space. Note that the eigenvalues of the projected
electron number operator, n˜i, are either 0 or 1, so that
the doubly occupied states are prohibited. It should be
stressed that it is close to half filling that the Gutzwiller
projection is of a crucial importance: the projected elec-
tron operator PˆGc
†
iσPˆG in this region significantly differs
from the bare electron operator c†iσ (right at half filling
PˆGc
†
iσPˆG = 0).
With these notations Eq. (1) can be rewritten in the
equivalent form,
HGBCS = −t
∑
ijσ
(
Xσ0i X
0σ
j +H.c.
)
+ µ
∑
i
X00i
+
∑
ij
∆ij
(
X↑0i X
↓0
j −X
↓0
i X
↑0
j +H.c.
)
, (3)
where we have introduced the chemical potential term to
control the total number of doped holes,
X00i = 1− n˜i = (1− ni)
2.
The local NDO constraint is rigorously taken into ac-
count at the expense of the introduction of the Hubbard
operators with more complicated commutation relations
than those of the standard fermion algebra. In fact,
fermionic operators Xσ0i together with the bosonic ones,
Xσσ
′
i form, on every lattice site, a basis of the fundamen-
tal representation of the graded (supersymmetrical) Lie
algebra su(2|1) given by the (anti)commutation relations
{Xabi , X
cd
j }± = (X
ad
i δ
bc ±Xbcj δ
ad)δij , (4)
where the (+) sign should be used only when both oper-
ators are fermionic.
In the strong-pairing limit (|∆| >> t) the projected
BCS hamiltonian (3) reduces to
HG∆ =
∑
ij
∆ij
(
X↑0i X
↓0
j −X
↓0
i X
↑0
j +H.c.
)
+ µ
∑
i
X00i . (5)
In contrast with the conventional real-space BCS Hamil-
tonian, the strongly correlated BCS Hamiltonian given
by Eq.(5) is not an exactly solvable model. Since
the Hubbard operators appear as the elements of the
su(2|1) superalgebra, a natural framework to address this
problem is provided by the su(2|1) coherent-state path-
integral representation of the partition function.
3III. SU(2|1) COHERENT-STATE PATH
INTEGRAL REPRESENTATION OF THE
PARTITION FUNCTION
In the su(2|1) coherent-state basis the partition func-
tion
Z∆ = tr exp(−βH
G
∆)
takes the form of the su(2|1) coherent-space phase-space
path integral (see Appendix B):
Z∆ =
∫
Dµ(z, ξ) eS∆ , (6)
where
Dµ(z, ξ) =
∏
i,t
dz¯i(t)dzi(t)
2πi(1 + |zi|2)2
dξ¯i(t)dξi(t).
Here zi is a complex number that keeps track of the spin
degrees of freedom, while ξi is a complex Grassmann pa-
rameter that describes the charge degrees of freedom.
The effective action
S∆ = i
∑
i
∫ β
0
ai(t)dt −
∑
i
∫ β
0
ξ¯i (∂t + iai) ξidt
−
∫ β
0
HG,cl∆ dt (7)
involves the U(1)-valued connection one-form of the mag-
netic monopole bundle (see Appendix A) that can for-
mally be interpreted as a spin ”kinetic” term,
ia = −〈z|∂t|z〉 =
1
2
˙¯zz − z¯z˙
1 + |z|2
,
with |z〉 being the su(2) coherent state. This term is
also frequently referred to as the Berry connection. The
dynamical part of the action takes the form
HG,cl∆ =
∑
ij
(
∆ijξiξj
z¯j − z¯i√
(1 + |zi|2)(1 + |zj |2)
+H.c
)
+ µ
∑
i
ξ¯iξi. (8)
Here zi(t) and ξi(t) are the dynamical fields. This rep-
resentation rigorously incorporates the constraint of no
double occupancy. Since the NDO constraint is explic-
itly resolved in representation (6), the dynamical vari-
ables zi and ξi bear no local gauge redundancy associ-
ated with the constraint-generated local gauge transfor-
mations, and in contrast with the slave-particle fields, are
gauge independent.
Under the global SU(2) rotation,
zi →
uzi + v
−vzi + u
, ξi(t)→ e
iψiξi, ai → ai + dψi, (9)
where
ψi = −i log
√
−vzi + u
−vzi + u
,
(
u v
−v u
)
∈ SU(2). (10)
The effective action (7) is invariant under the global spin
rotations given by Eqs. (9).
Let us now make the following change of variables on
the sublattice B,
zi → −
1
z¯i
, ξi → ξ¯i
√
zi
z¯i
, i ∈ B. (11)
This transformation is equivalent to a SU(2) rotation (9)
with u = 0, v = 1 followed by a complex conjugation.
Under this transformation ~Si → −~Si and the gauge po-
tential ai changes its sign, ai → −ai. The effective action
then becomes
S∆ → S∆ = i
∑
i∈A
∫ β
0
ai(t)dt − µNβ/2
+
∑
i∈A
∫ β
0
ξ¯i (−∂t − iai − µ) ξidt
+
∑
i∈B
∫ β
0
ξ¯i (−∂t − iai + µ) ξidt−
∫ β
0
HG,cl∆ dt,
where
HG,cl∆ =
∑
ij
(
∆ij ξ¯iξj〈zj|zi〉+H.c
)
,
and 〈zi|zj〉 stands for an inner product of the su(2) co-
herent states,
〈zi|zj〉 =
1 + zizj√
(1 + |zj |2)(1 + |zi|2)
.
This can be written in the form
S∆ = i
∑
i∈A
∫ β
0
ai(t)dt− µNβ/2
+
∑
ij
∫ β
0
ξ¯i(t)G
−1
ij (t, s)ξj(s)dtds, (12)
where
G−1ij (t, s) = G
−1
(0)ij(t, s)− iai(t)δijδ(t− s)+Σij(t)δ(t− s),
with Σij = ∆ij〈zj |zi〉 and
G−1(0)ij(t, s) = δij(−∂t − µ)δ(t− s), i ∈ A,
G−1(0)ij(t, s) = δij(−∂t + µ)δ(t− s), i ∈ B.
The fermionic degrees of freedom in Eq.(6) can for-
mally be integrated out to yield
∫
Dξ¯Dξ exp

∑
ij
∫ β
0
ξ¯i(t)G
−1
ij (t, s)ξj(s)dtds


4= expTr logG−1
= exp
(
Tr logG−1(0) + Tr log(1−G(0)ia+G(0)Σ)
)
.
(13)
Here the trace has to be carried out over both space and
time indices. Calculating explicitly a factor that comes
from the zero order Green’s function, we get
Z0 := Z∆=a=0 = exp (Tr logG
−1
(0) − µNβ/2)
= exp
(
β
∑
i∈A
logG−1(0) + β
∑
i∈B
logG−1(0) − µNβ/2
)
=
(
2 cosh
µβ
2
e−
µβ
2
)N
,
which is a correct result for the partition function of N
noninteracting spinless fermions,
Z0 = tr e
−µ
∫
β
0
∑
i
f†
i
fi .
Up to this point no approximation has been made in
the derivation of the effective action. In fact, we are in-
terested in a derivation of an effective action to describe
a low-energy dynamics of the spin degrees of freedom of
the projected strong-pairing Hamiltonian close to half-
filling. For that purpose we deduce an effective action in
the spin degrees of freedom by performing a perturbative
expansion of the expression Tr log(1 − G(0)ia + G(0)Σ)
in powers of |∆|/µ << 1. Physically, this corresponds
to the lightly underdoped region of the phase diagram.
The second step consists in expanding the obtained rep-
resentation up to first order in ∂t and second order in ∆ij
implying that eventually we will set i→ j. This amounts
to the so-called gradient expansion that corresponds to
the low-energy and long-wavelength limit of the action.
In this way we obtain
Tr log(1 −G(0)ia+G(0)Σ) =
−Tr(G(0)ia)−
1
2
Tr(G(0)ΣG(0)Σ). (14)
Note that Tr(G(0)iaG(0)Σ) = 0 since Σii = 0. This
expansion is justified in the limit |∆|/µ << 1, µβ >> 1.
The a-dependent term in Eq.(14) contributes to the
action in the following way
−Tr(G(0)ia) = −i
∑
i∈A
G(0)i(0
−)
∫ β
0
ai(t)dt
−i
∑
i∈B
G(0)i(0
−)
∫ β
0
ai(t)dt,
where G(0)i(0
−) := limǫ→0G(0)i(−ǫ), ǫ > 0 and
G
A/B
(0)i (τ) =
e∓µτ
1 + e±µβ
− θ(τ)e∓µτ . (15)
Here the upper sign corresponds to the case i ∈ A,
whereas the lower one, to the case i ∈ B. The explicit
representation (15)tells us that
∆S1 := −Tr(G(0)ia) = −i
∑
i∈B
∫ β
0
ai(t)dt+O(e
−µβ),
(16)
where it is implied that µβ >> 1.
Let us now turn to the second term in Eq.(14). We get
∆S2 := −
1
2
Tr(G(0)ΣG(0)Σ)
= −
1
2
∑
ij
∫
G(0)i(t1−t2)Σij(t2)G(0)j(t2−t1)Σji(t1)dt1dt2.
Introducing new variables , τ = t1−t22 , η =
t1+t2
2 ,
and expanding the product Σij(η + τ)Σji(η − τ) =
Σij(η)Σji(η)+O(τ) (this corresponds to the gradient ex-
pansion in imaginary time6), gives to the lowest order
∆S2 = −
1
2
∑
ij
∫ β
−β
GA(0)(τ)G
B
(0)(−τ)dτ
∫ β
0
Σij(η)Σji(η)dη
(17)
With the help of Eqs.(15) we get
−
1
2
∫ β
−β
GA(0)(τ)G
B
(0)(−τ)dτ =
1
2µ
(1 +O(e−µβ)). (18)
The effective spin action is given by the sum of all the
term evaluated above:
Zeff∆ /Z0 =
∫
Dµ(z, z¯) eS
eff
∆ , (19)
where the SU(2) invariant measure factor
Dµ(z, z¯) =
∏
i,t
dz¯i(t)dzi(t)
2πi(1 + |zi|2)2
and
Seff∆ = i
∑
i∈A
∫ β
0
ai(t)dt − i
∑
i∈B
∫ β
0
ai(t)dt
+
∑
ij
∫ β
0
|∆ij |
2
2µ
|〈zi|zj〉|
2dt. (20)
Let us now rotate the spin on the sublattice B back to
their initial position, zi → −1/z¯i,. Under this transfor-
mation
|〈zi|zj〉|
2 → 1− |〈zi|zj〉|
2, ai∈B → −ai∈B.
5In this way we finally get,
Seff∆ = i
∑
i
∫ β
0
ai(t)dt
−
∑
ij
J
(U=∞,µ)
ij
∫ β
0
(
|〈zi|zj〉|
2 − 1
)
dt, (21)
where the long-wavelength limit (j → i) is implied. This
action describes the antiferromagnetic Heisenberg model
with the effective coupling (see Appendix A)
J
(U=∞,µ)
ij = |∆ij |
2/2µ > 0. (22)
The resulting model is the low-energy action for the fully
projected (U = ∞) BCS Hamiltonian in the vicinity of
half filling (µ is large but finite). In the explicit low-
energy and long-wavelength limit the 2D quantum action
(21) reduces to that of the 3D classical nonlinear sigma-
model (see Appendix C). Taking into consideration the
RG analysis of that sigma-model action5 it then follows
that the ground state of the 2D Gutzwiller-projected
BCS Hamiltonian is AF magnetically ordered at suffi-
ciently low doping.
Right at half filling µ → ∞, producing in this case
J
(U=∞,µ)
ij → 0. However, this does not contradict Park’s
observation that the projected BCS Hamiltonian (for
large but finite U) possesses a long-range AF ordered
ground state right at half filling4. This can be seen as
follows. Essentially, we are interested in the Hamiltonian
H∆+U =
∑
ij
∆ij
(
c†i↑c
†
j↓ − c
†
i↓c
†
j↑ +H.c.
)
+U
∑
i
ni↑ni↓,
(23)
which, in the U →∞ limit, reduces to HG∆ as in Eq. (5).
We now back off from the infinite U limit, the effects of
double occupancy need to be build in perturbatively in
powers of ∆/U .
Let us make the following unitary transformation of
the electron operators for all sites j ∈ B:
cj↑ → c
†
j↓, cj↓ → −c
†
j↑.
In this way we get
H∆+U → −
∑
ij
∆ij
(
c†iσcjσ +H.c.
)
+ U
∑
i
ni↑ni↓ − U
∑
i∈B
ni. (24)
Using the representation
ni↑ni↓ = −
2
3
~Q2i +
ni
2
,
where ~Qi is the electron spin operator, we can write down
the partition function as
Z∆+U =
∫
D~φDΨ¯DΨexp
∫ β
0
L∆+Udt, (25)
with
L∆+U =
−3U
8
∑
i
~φ2i − U
∑
i
Ψ¯i~τ ~φiΨi
+
∑
ij
∆ij
(
Ψ¯iΨj +H.c
)
+ U
∑
i∈B
Ψ¯iΨi,
Ψi = (ci↑, ci↓)
t.
For U >> ∆ one gets ~φ2i ≈ 1. As a result, in this limit,
one can make the identification ~φi = 2~S
cl
i (z¯, z)
7. Using
the identity
2~Scl~τ = V τzV
†,
where
V =
1√
1 + |z|2
(
1 −z¯
z 1
)
. (26)
and rotating now the spinors to the z axis, Ψ→ VΨ, we
get
L∆+U →
∑
i
Ψ¯i (−∂t − Uτz)Ψi + U
∑
i∈B
Ψ¯iΨi
+
∑
i
Ψ¯iV
†
i (−∂tVj)Ψj +
∑
ij
∆ijΨ¯iV
†
i VjΨj .
The fermionic degrees of freedom can now be integrated
out in the low-energy limit, yielding
Z∆+U/Z0 =
∫
Dµ(z, z¯) eS
eff
∆+U , (27)
where
Dµ(z, z¯) =
∏
i,t
dz¯i(t)dzi(t)
2πi(1 + |zi|2)2
and the effective low-energy action is again given by Eq.
(21) but now with J
(U,µ=∞)
ij = |∆ij |
2/2U > 0. This con-
sideration provides an independent proof of the equiv-
alence of the low-energy physics of the 2D Heisenberg
AF model and the Gutzwiller-projected strong-pairing
Hamiltonian at half filling first established in4, though
within quite a different approach.
To consider both cases simultaneously one should start
directly with the Hamiltonian
H∆+U+µ =
∑
ij
∆ij
(
c†i↑c
†
j↓ − c
†
i↓c
†
j↑ +H.c.
)
+ U
∑
i
ni↑ni↓ + µ
∑
i
(1− ni)
2. (28)
The low-energy AF action in this case is supposed to be
specified by the exchange coupling constant J
(U,µ)
ij . Since
6a general case of large but finite values of the parameters
U and µ is technically involved, we consider two limiting
cases, namely, that of U = ∞, and µ is large but finite
and that of µ =∞, and U is large but finite.
Physically, for the fully Gutzwiller-projected (U =∞)
BCS Hamiltonian the AF order sets in at low doping due
to the superexchange that involves empty states. In the
second case when µ tends to∞ and the repulsion param-
eter U is large but finite, there is a small probability for
the doubly occupied electron states to exist, which re-
sults in the emergence of the long-range magnetic order
through the virtual superexchange process that involves
the doubly occupied states. In a real physical system
both mechanisms are evidently at work which accounts
for the emergence of the AF phase of the cuprate super-
conductors close to half filling.
IV. SECOND-ORDER OPERATOR
PERTURBATION THEORY
In this section we briefly comment on another deriva-
tion of the low-energy representation of the projected
BCS Hamiltonian now following a more conventional op-
erator approach.
Let us rewrite the Hamiltonian given in Eq. (5) in the
following way:
HG∆ = H0 + V (29)
with
H0 = µ
∑
i
X00i (30)
V =
∑
ij
∆ij
(
X↑0i X
↓0
j −X
↓0
i X
↑0
j +H.c.
)
(31)
At half-filling, we take µ → ∞. This ensures that any
state with a finite number of holes is projected out from
the theory. Close to half-filling, µ is large and therefore
we can treat V as a perturbation to H0. The ground
state of H0 contains no holes and is highly degenerate,
corresponding to all possible spin orientations in the half-
filled limit. We denote this manifold by |0g〉.
Let us now define the operator P0 that projects into
the subspace with no holes, that is, it projects into the
ground state of H0. Up to second order in V , we can
define the effective Hamiltonian8:
Hgreff = P0V P0 +
∑
φn 6=Og
P0V |φn〉〈φn|V P0
ǫ0 − ǫn
(32)
where ǫ0 = 0 is the ground state energy and |φn〉 is an
eigenstate of H0 with eigenvalue ǫn.
Since V does not conserve the number of holes, the
first order contribution is zero, that is, P0V P0 = 0. In
the next order, we have to calculate matrix elements like
〈φn|V |0g〉. They are non-zero only if |φn〉 is a state con-
taining two holes. In other words, the second order term
is related to virtual transitions where two neighboring
holes are first created and then destroyed, that is, Cooper
pairing fluctuations in the system. It is therefore clear
that ǫ0 − ǫn = −2µ and that our effective Hamiltonian
now bwcomes
Hgreff = −
∑
ij
|∆ij |
2
2µ
(X↑0i X
↓0
j −X
↓0
i X
↑0
j )
× (X0↓j X
0↑
i −X
0↑
j X
0↓
i ) (33)
At half filling,
X↑↓i = S
+
i , X
↓↑
i = S
−
i , (34)
X↑↑i −X
↓↓
i = 2S
z
i , X
↑↑
i +X
↓↓
i = n˜i = 1, (35)
and after a straightforward algebra we get
Hgreff =
∑
ij
|∆ij |
2
2µ
(
~Si~Sj −
1
4
)
. (36)
As a result, using a simple perturbative scheme, we find
that the ground-state of the strong-pairing Gutzwiller-
projected BCS Hamiltonian is indeed identical to that
of the antiferromagnetic Heisenberg model with coupling
given by Jij =
|∆ij|
2
2µ , close to half-filling.
V. CONCLUSION
We conclude by discussing the physical implications
of the close connection between the Gutzwiller-projected
BCS Hamiltonian and the t-J model of the high-Tc su-
perconductors. Our result shows that the ground state of
the Gutzwiller-projected BCS Hamiltonian can in prin-
ciple be considered a reference state of a lightly doped
Mott insulator. Since the Gutzwiller projection does not
commute with the BCS Hamiltonian4, this state does
not coincide with the Gutzwiller-projected BCS ground
state which is just the short-range RVB state proposed
by Anderson12.
The RVB state is known to show no long-range or-
der even at half filling. In contrast, right at half filling as
well as in the immediate vicinity of half filling the ground
state of the strongly correlated BCS Hamiltonian exhibits
long-ranged AF order as is observed in the cuprate su-
perconductors. Note also that the low-energy action that
corresponds to the strong-pairing projected BCS Hamil-
tonian cannot in itself account for the weakening as well
as the eventual disappearance of the magnetic ordering as
the hole concentration increases. This effect is produced
by the growing influence of the kinetic t-term that grad-
ually destroys the long-range ordered state. Therefore,
one needs to include the kinetic t-term into consideration
to regain the full Gutzwiller-projected BCS Hamiltonian,
7HGBCS given in Eq. (1), in order to be able to describe
the actual behavior of the high-Tc phase diagram away
from half filling.
At a moderate, non-zero doping the RVB wavefunc-
tion and its improvements13 yield good agreement with
experiments9 as well as with numerical studies3 and are
conjectured to be a good ansatz wavefunctions for the
t-J model in this region10. In doped regimes sufficiently
away from half filling, the RVB state turns out to be in-
deed qualitatively similar to the ground state of HGBCS
4.
One can therefore conclude that the ground-state wave-
function of the HGBCS Hamiltonian appears as a natural
generalization of Anderson’s RVB state for low doping.
APPENDIX A: SU(2) ALGEBRA AND
COHERENT STATES
Consider the su(2) algebra in the lowest s = 1/2 rep-
resentation:
[Sz, S±] = ±S±, [S+, S−] = 2Sz, ~S
2 = 3/4. (A1)
Acting with the “lowering“ spin operator S− on the
“highest weight“ state | ↑〉 we get the normalized su(2)
CS parametrized by a complex number z
|z〉 =
1√
1 + |z|2
exp(zS−)| ↑〉 =
1√
1 + |z|2
(| ↑〉+ z| ↓〉).
(A2)
In the basis spanned by the vectors | ↑〉, | ↓〉 we have
S+ = | ↑〉|〈↓ |, S− = | ↓〉|〈↑ |, Sz =
1
2 (| ↑〉|〈↑ | − | ↓〉|〈↓ |).
The CS symbols of the su(2) generators are then easily
evaluated to be (Scl := 〈z|S|z〉):
Scl+ : =
z
1 + |z|2
, Scl− =
z¯
1 + |z|2
,
Sclz =
1
2
1− |z|2
1 + |z|2
, ~S2cl = 1/4, (~S
2)cl = 3/4. (A3)
There is a one-to-one correspondence between the
su(2) generators (A1) and their CS (classical) symbols
given by Eqs. (A3). Given a quantum Hamiltonian
H = H(~S), the corresponding imaginary time phase-
space action takes on the form,
Asu(2)(z¯, z) = −
∫ β
0
〈z|
d
dt
+H |z〉dt, (A4)
with the kinetic term being given by
ia = −〈z|
d
dt
|z〉 =
1
2
˙¯zz − z¯z˙
1 + |z|2
.
In particular, for the quantum s = 1/2 Heisenberg model,
H = J
∑
ij
(~Si ~Sj − 1/4),
one gets
Hcl =
J
2
∑
ij
(|〈zi|zj〉|
2 − 1).
From the geometrical viewpoint, the su(2) coherent
states |z〉 can be thought of as sections of the magnetic
monopole bundle P (S2, U(1)), with the U(1) connection
one-form, ia, frequently refereed to as the Berry connec-
tion. Base space of that bundle, two-sphere S2, appears
as a classical phase-space of spin, whereas its covariantly
constant sections, |z〉 : (∂t + ia)|z〉 = 0, form a Hilbert
space of a quantum spin.
APPENDIX B: SU(2|1) SUPERALGEBRA AND
COHERENT STATES
Acting with the “lowering“ superspin operators X↓↑
and X↓0 on the “highest weight“ state | ↑〉 we get the
normalized su(2|1) coherent state in the 3D fundamental
representation,
|z, ξ〉 = (1 + z¯z + ξ¯ξ)−1/2 exp
(
zX↓↑ + ξX0↑
)
| ↑〉
= (1 + z¯z + ξ¯ξ)−1/2(| ↑〉+ z| ↓〉+ ξ|0〉), (B1)
where z is a complex number, and ξ is a complex Grass-
mann parameter. The Grassmann parameter appears
here due to the fact that X↓0 is a fermionic operator
in contrast with the operator X↓↑. The product ξX0↑
represents therefore a bosonic quantity as required.
At ξ = 0, the su(2|1) CS reduces to the ordinary su(2)
CS, |z, ξ = 0〉 ≡ |z〉 (A2), parametrized by a complex
coordinate z ∈ CP1 ≃ S2. In contrast, at z = 0, it
represents a pure fermionic CS.
The CS symbols of the X operators, Xcl :=
〈z, ξ|X |z, ξ〉, are
X0↓cl = −
zξ¯
1 + |z|2
, X↓0cl = −
z¯ξ
1 + |z|2
,
X0↑cl = −
ξ¯
1 + |z|2
, X↑0cl = −
ξ
1 + |z|2
,
Q+cl = X
↑↓
cl =
z
1 + |z|2
(
1−
ξ¯ξ
1 + |z|2
)
,
Q−cl = X
↓↑
cl =
z¯
1 + |z|2
(
1−
ξ¯ξ
1 + |z|2
)
,
Qzcl =
1
2
(X↑↑cl −X
↓↓
cl ) =
1
2
1− |z|2
1 + |z|2
(
1−
ξ¯ξ
1 + |z|2
)
.(B2)
Given a Hamiltonian as a polinomial function of the Hub-
bard operators,H = H(X), the corresponding imaginary
time phase-space action takes on the form,
Asu(2|1) = −
∫ β
0
〈z, ξ|
d
dt
+H(X)|z, ξ〉dt, (B3)
8with the kinetic term given by
〈z, ξ|(−
d
dt
)|z, ξ〉 =
1
2
˙¯zz − z¯z˙ + ˙¯ξξ − ξ¯ξ˙
1 + |z|2 + ξ¯ξ
. (B4)
Substituting H(X) = H∆ into Eq.(B3) and making the
change of variables zi → zi ξi → ξi
√
1 + |zi|2, we are led
to the effective action (7).
APPENDIX C: NONLINEAR σ-MODEL
Consider the 1D s-spin quantum AF Heisenberg model
on a bipartite lattice, L = A⊕B,
H =
∑
<ij>
Jij
(
~Si ~Sj − s
2
)
, Jij > 0, (C1)
where Jij = J for the nn sites and Jij = 0 otherwise.
Let us make the change J → J/2s and consider Hcl =
2sHcls=1/2. The coherent-state action turns out to be ∝
2s, S = (2s)Ss=1/2, where
Hcls=1/2 =
∑
<ij>
Jij
2
(
|〈zi|zj〉|
2 − 1
)
, (C2)
so that
Ss=1/2 = i
∑
i∈
∫ β
0
ai(t)dt−
∫ β
0
Hcls=1/2
coincides with the action given by Eq.(21), provided we
identity Jij in Eq.(C2) with |∆ij |
2/µ.
To proceed, notice the following identity
|〈zi|zj〉|
2 = expΦij , (C3)
where
Φij = F (z¯i, zj) + F (z¯j, zi)− F (z¯i, zi)− F (z¯j , zj) ≤ 0
(C4)
and F (z¯i, zj) = log(1 + z¯ izj) is the so-called SU(2)
Kaehler potential, in terms of which the σ-model action
can be derived.
In order to obtain the Ne´el ground state, we should
have ~SclA = −
~SclB . To this end, let us make the following
change of variables in the path integral11:
zi → zi + ξi, i ∈ A; zi → −1/(z¯i − ξ¯i) i ∈ B,
where ξi, ξ¯i stand for a set of auxiliary fields ∼ a. In this
way we get
Hcls=1/2 =
J
2
∑
i
Fz¯izi
∂z¯
∂xi
∂z
∂xi
a2+2J
∑
i
Fz¯izi ξ¯iξi, (C5)
where we have put zi = z(xi), zi+1 = z(xi + a), with a
being a lattice spacing. The total action becomes,
Ss=1/2 = SB
+
∫
dt
∑
i
Fz¯izi
(
ξi ˙¯zi − ξ¯iz˙i − 2Jξ¯iξi −
J
2
∂z¯
∂xi
∂z
∂xi
a2
)
where SB is the Berry phase term which will be con-
sidered shortly. The auxiliary fields ξ¯i and ξi can be
eliminated to yield
Ss=1/2 =
∫
dt
∑
i
Fz¯izi
{
−
J
2
∂z¯
∂xi
∂z
∂xi
a2 −
1
2J
˙¯ziz˙i
}
+SB.
Restoring an explicit s-dependence and going over to the
continuum (a→ 0) limit, finally yields
SAF = −
1
g2
∫
dxdt Fz¯z
(
c∂xz¯∂xz + c
−1 ˙¯zz˙
)
+ SB, (C6)
where c = 2Jsa is the spin wave velocity, g2 = 1/s is the
coupling of the σ-model. We are free to choose units so
that c = 1 and the action becomes Lorentz invariant:
SAF = −
1
g2
∫
dxdt (gz¯z∂µz¯∂µz)
= −
1
g2
∫
dxdt
∂µz¯∂µz
(1 + |z|2)2
, µ = 0, 1. (C7)
The generalization of this result to the case of the D-
dimensional quantum antiferromagnet is trivial: in the
low-energy quasiclassical (large spin s) limit it is de-
scribed by the classical D+ 1 dimensional σ-model (C7)
where µ = 0, 1, 2.., D.
The Berry phase term in 1D becomes
SB =
i
2
∫
S2
da = s
∫
S2
dz ∧ dz¯
(1 + |z|2)2
= 2πisN,
Where N is an integer, the Brouwer degree of the map
z(x, t) : S2 → S2. Thus, in 1D this phase term turns into
a topological (metric independent) invariant that gives
rise to dramatical consequences on ground state degen-
eracy and low-energy spectrum. In higher dimensions the
Berry phase term does not contribute to the action.
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